(MC-1) there exists an element 0 € E such that (0,x) € 5, (£,0) G S and x + 0 = x = 0 + x for all x G E] (MC-2) for all x , y , £ G E, (x, y) G S and (x + y, z) G S ¡if (y, z) G S and (x, y + z) G S and in this case (x + y) + z = x + (y + z); (MC-3) x = y holds for all x, y G E such that u + x + v = u + y + v for some u, v G E such that (u, x) , (u + x, v) G S and (u, y) , (u + y,v) G S (the cancellation property); (MC-4) u + x + v<u-\-y + v holds for all x, y G E such that x < y and for all u, v G E with (u, x) , (u + x, v) G S and (u, y) , (u + y, v 
) G S;
(MC-5) (E, <) is a lattice; (MC-6) for all x, y G E, there exist u, v G E such that u > 0, v > 0, (u, x 
) G S, (x, v) G S, (u, x A y) G S, (x A y,v) G S and u + x = xVyx + v,u + x A y = y = x A y + v (the difference property).
The set of all positive elements of E will be denoted by E + . The set of all pairs (x, y) of disjoint elements of E (i.e. An element x G E is said to be invertible if there exists x* G E satisfying x + x* = 0 = x* + x. If E* denotes the set of all invertible elements of E, then E x E* C S and E* x E C S hold. In particular, it may be proved that the lattice ordered groups (1-groups) are precisely the minimal clans having a maximal set of invertible elements (E = E*), ([S3] , Cor. 1.3.3).
Every minimal clan is a distributive lattice ([S3], Th. 1.1.14) and u-\-x + v < u + y + v yields x < y ([S3], Th. 1.1.9).
A minimal clan is commutative if S is symmetric and the sum commutes. The commutative minimal clans are sometimes called Vitali spaces ( [C] , Def. 1.1).
In the sequel, let E be a commutative minimal clan. LEMMA 1.1. If u < x, v < y and (x,y) G S, then (u,v) G S. ([S3] , Lemma 1.1.1). In every commutative minimal clan the difference property can be used to define a (partial) subtraction in the following way: the set S' = {(x,y) G ExE : there exists z e E for which (y, z) G S and x = y+z} is the domain and x -y := z for all (x,y) E S' is the operation.
By the cancellation property z is unique. Moreover, the subtraction is not associative neither commutative and it follows from (MC-6) that x < y iff y -x > 0. Concerning the properties of subtraction, we have the following three results:
1) If x -z and y -z are defined, then x -z < y -z iff x < y. 2) If z -x and z -y are defined, then z -x<z-y iffx>y. 
In minimal clans every element x has a Jordan decomposition. Indeed, if we set x + := x V 0, x~ := (x A 0)* for all x G E, then x~ + x = x + = x + x~ and i+Ai"=0 ([S3], Th. 1.1.19).
As a consequence of this decomposition we obtain, for every x E E, x = xV0 + xA0 and |x| = x + V x~ = x + + x~. Furthermore, if x E E*, then |a:| = |a:*| = x V x* holds.
In a commutative minimal clan the triangle inequality is valid for invertible elements ([S3] ((a,bV0 ) G S follows from bV0 e E*).
In particular, a + òVO > (a + ò)V0 holds. Then we have \a
If a, b G E and (a, 6) £ S, we obtain: 
10). Then it follows from the distributivity laws that xVy = (xAy + v)V(xAy
The symmetric difference is commutative but not generally associative and the equalities
In a Boolean ring A is the usual symmetric difference. If E is an 1-group and a,b G E, then we have a Ab -a\/b -aAb= |a -b\ ( [B] , Th. 7, Cap. XIII, § 4).
2. DEFINITION 2.1. Let E be a commutative minimal clan. A subset I of E is said to be an ideal if it is nonempty and if the following two properties are satisfied: a) |a| < |6| and 0G/=>-aG/(/ is a solid subset of E); f3) a, b £ I, a, b> 0 and
From Lemma 1.6 we immediately obtain the following result. Proof. Since I is nonempty, we see by the property a) that 0 £ I. Thus, ~ is reflexive. Since A is commutative, ~ is symmetric.
To Using the distributivity laws, we obtain (a + z)
In general, let a ~ 6, z ~ z' and (a, z), (b,z') G S. 
It follows from
4. Let us call a congruence any equivalence relation on a commutative minimal clan E which is a congruence with respect to the join, the meet, the addition and the subtraction in E. A closure system D over a set X is defined as a subset of the power set P{X) such that f| F £ D for F C D.
In particular, such D is a complete lattice if we take /\ F = f| F and V F = fliG € D : U F C G} for F C D as the meet and the join in D.
Let us denote by I the set of ideals in E and by 0 the set of congruence relations on E. Then I and © are closure systems respectively over E and over E x E and the following isomorphism theorem holds. In a commutative minimal clan the ideals are precisely the zero equivalence classes I of congruence relations 0 and then every 0 is completely determined by I. It follows from this characterization that every ideal in a commutative minimal clan E is a Vitali subspace of E ( [C] , prop. 1.7). In particular, it is a minimal clan and a sublattice of E.
